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1 .Introduction. 

It is generally believed that the large -distances behavior of the confining phase of QCD 
is given by an effective string theory,see recent reviews 0]. The main problem of 

this idea can be formulated as follows. How to find the correct collective variables in 
terms of the underlying field theory (QCD) which effectively describe the string theory. 

In some simple models (it is a very narrow family of all field theories), one has a 
map from original field theory to stringlike variables, and one can derive properties of the 
resulting "string theory" from the field theory. One of the well studied system of such 
kind is 2 + 1 dimensional Ising-like model described by the action| 

S = -jd'x[d,<f>d,<f>+X{<f>'-—y] (1) 

As is known this model possesses the Bloch wall solution which is independent of two 
variables {t and y )and well localized in the transverse direction z. Such solution spon- 
taneously break translation invariance in the D — 2 transverse directions. As a result, 
there are Nambu-Goldstone massless excitations about such background, even if the field 
theory has only massive excitations about trivial background. So the leading term in the 
effective field theory describing low energy phenomena must take the form 

Sstrinaif) = canst J dtdyUdtff + (9,f )'] + t = l,2,D-2 (2) 

where Sstringif^) is the action governing low energy phenomena, and we have chosen the 
t, y plane as the plane of the worldsheet. 

The derivation of the Sgtringif^) is standard [||, [|5[, 0, [Q. The steps involved in 
going from a theory with soliton-like solution of eq.(P to the effective string action (0) 
are: a) to rewrite a functional integral / D(j)expiS{(f)) about a soliton-like background in 
terms of modes /*that correspond to fluctuations of the string and heavy modes h that 
are separated by a mass gap; b)to integrate out these massive modes. Thus one has: 

/Z)0e-<«|.„ , = /c/'Dfte^'/-^") = /c/e-...-...</-. (3) 

It was shown for particular model (|I|) by ^ that the long wavelength expansion (^) 
for this model up to 0{d^) reproduces the Nambu-Goto action for the string 

Sng ~ v^l + {dfy = ^deth,, (4) 

with induced metric 

h^„y = 5^u + d^fd^f. (5) 

Besides that there are additional terms as well, which do not have a geometrical interpreta- 
tion. Few comments are in order. First of all, the effective action (^ is not renormalizable. 
This is not a catastrophe, however, because the high frequency oscillations of / are to be 

^ Here and what follows we are discussing the Euclidean version of the models 
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cut off anyhow: when internal degrees of freedom of the tube are excited, the description 
in terms of / breaks down. 

As a second remark, let us note that the quantization of the underlying field theory 
induces a quantization of the effective string theory. As a consequence, Lorentz invariance 
holds in the effective string theory for any D (not only for D = 26) [§. 



As a last remark we note that the absence of the so-called rigid term |^ , [jlO[ , describing 
the extrinsic curvature of the world sheet, is the direct consequence of the canonical 
expression for the kinetic term (without higher derivatives) of the underlying field theory 
(HI). We'll come back to this point later. 

Thus the problem of derivation of the long distances effective Lagrangian from field 
theory, which possesses the soliton like solution reduces to the calculation of the functional 
integral (^. The physical sense of the string variable / in this case is clear and can be 
understood in terms of the original field variables 0. Indeed, roughly speaking, the string 
variable / describes the fluctuations about the classical solution (p^i, see for more 

details. 

The gluodynamics does not belong to this class, and so, the corresponding methods 
can not be applied to Yang-Mills theory directly. However, it is generally believed that 
QCD might be represented as a string theory. Many of the hadron properties will be 
understandable in this case. The standard approach to this problem is a making of a 
guess what the effective long distances lagrangian is going to be. But in such approach the 
relation with the original QCD completely lost and the connection of the string variables 
/ with gauge fields looks absolutely unclear. 

In this letter I shall follow in the opposite direction, from the gauge fields to string 
theory. In this case, the each step of the reformulation QCD in terms of string variables 
is going to be under control (at least in principle). Besides that, the string variable / can 
be expressed in terms of the gauge theory. 

Schematically, the steps involved in going from QCD to the effective string theory look 
as follow. 



l^k=0 (A:i)!(/C2)! ^Ia,qa l-l-i=l " -^it^-^-Py '^mt. 



Z = J D(t)exp{~ J d^xLeffXc/))) 



{W) = JDfexp{-Jd^aL,t„ng{f)) 



Here the first step (1) is related to the consideration of the statistical ensemble of 
pseudoparticles (point defects) with fractional topological charge, so-called torons, which 
interact strongly. In the next Section we briefly formulate the basic assumptions of this 
toron approach. The second step(2) is more or less standard one which allows us to 
reformulate the statistical mechanics problem in terms of the functional integral over 
some auxiliary field (p with some effective action S^ff- It turns out that this S^ff can be 
considered in the same way as S from the formula (|I|) in a sense that in both cases we 
have some solitonic shape solution. So, the method briefly described above for transition 
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from S (|1|) to Sstring (@) by calculating of the functional integral can be applied in the 
case of the gluodynamics as well. This is just step (3). 

2. Review of the toron approach^ 

Before we proceed to the detail consideration of the string representation of QCD, let 
me briefly formulate the basic assumptions of the toron approach 0, step (1). 

i) I extend the class of admissible gauge transformation in gluodynamics. Thus, I al- 
low the configurations with fractional topological charge (one half for SU{2) group) in the 
definition of the functional integral. It means that a multivalued functions will appear in 
the functional integral. However, the main physical requirement is - all gauge invariant 
values must be singlevalued . Thus , the different cuts accompany the multivalued func- 
tions should be unobservable, i.e. the gauge invariant values coincide on the upper and 
on the lover edges of the cut. 

At large distances the toron looks like a singular gauge transformation . At small 
distances this configuration should be somehow regularized.lt can be explicitly done for 
the separate toron, but a general solution of this problem is still lacking. Fortunately, the 
long distances pseudoparticle interaction (the expression we are interested in) does not 
depend on regularization procedure. 

The direct consequence of the such definition of the functional integral is the appearing 
of the new quantum number classifying the vacuum states. Indeed, as soon as we allowed 
one half topological charge, the number of the classical vacuum states is increased by 
the same factor two in comparison with a standard classification, counting only integer 
winding numbers \n >. 

Of course, vacuum transitions eliminate this degeneracy. However the trace of enlarge- 
ment number of the classical vacuum states does not disappear. Vacuum states now 
classified by two numbers : < 6 < 2tt and k = 0,1. These is in agreement with large N 
results where the nontrivial 6 dependence in pure YM theory comes through 6/N at 
large N ( in particular, < GG >~ sin(-^) |T^). Such a function can be periodic in 9 with 
period 2n only if there are many vacuum states for given values of 6. These vacua should 
not be degenerated due to the vacua transitions , however the trace of the enlargement 
number of the vacuum states have to be seen. 

ii) The next main point of the toron approach may be formulated as follows. We 
hope that in the functional integral of the gluodynamics , when the bare charge tends to 
zero and when we are calculating some long range correlation function, only certain field 
configurations ( the toron of all types) are important. In this case the hopeless problem of 
integration over all possible fields is reduced to the problem of summation over classical 
toron configurations. I have no proof that the system of configurations which have been 

^Sec for much of the material in this section. 

We keep the term "toron", introduced in ref. By this means we emphasize the fact that the 
considering solution minimizes the action and carries the topological charge Q — 1/2, i.e. it possesses all 
the characteristics ascribed to the standard toron . However I should note from the very beginning of 
this paper, that our solution has nothing to do with the standard toron and it is formulated in principle 
in another way than in ref . p3| . The keeping of this term has a historical origin. 



4 



taken into account is a complete system. But I would like to stress that a lot of problems ( 
like the 9 dependence , the U{1) problem , the counting of the discrete number of vacuum 
states , the confinement , the nonzero value of the vacuum energy and so on...) can be 
described in a very simple manner from this uniform point of view. 

Both these points are quite nontrivial ones. However , I would like to convince the 
reader in the consistency of these assumptions by considering a few simple models , where, 
from the one hand, the results are well known beforehand and , from the other hand they 



can be reproduced by toron calculations [p l. 



Let me start by giving a few formulae from ref. |T^. The grand partition function 



which presumably describes 4 dimensional gluodynamics is given by 

oo ^4{fci+fc2) ki+k2 

where two different kinds of torons classified by the weight Jj of fundamental represen- 
tation of the SU{2) group and qi is the sign of the topological charge. Besides that, in 
formula (|^) the value q'^IMq) is the bare coupling constant and Mo is ultraviolet regu- 
larization, so that eq.(P) depends on the renormalization invariant combination A. In 
obtaining we took into account that the classical contribution to Z from k torons is 
equal to 

47r2 

Z~exp(-— fc). (7) 

Besides that the factor d'^Xi in eq.(|^) is due to the 4 translation coordinates accompany 
an each toron and combinatorial factor ki\k2\ is necessary for avoiding double counting 
for ki torons and ^2 antitorons; lastly, the average overall configurations q, I is an average 
over all isotopical directions and topological charge signs of torons. 

To compute some vacuum expectation values it is convenient to use the correspondence 
between the grand partition function for the gas and field theory with Sine-Gordon 
interaction , as it was done by Polyakov in ref. [0 for 3d QED. Let us rewrite (j^) in the 
form: 



Ze = j D(j)exp{~ J d^xL^ff), □ = 9^9^, 

Le// = l/2(n0)2 - ^A^exp(z87r/V3/;^0 + ie/2) - ^ A^exp(-i87r/V3/^0 - ie/2). 

In this derivation it was used the fact that the logarithm function which appears in the 
formula for the interaction is the Green function for the operator □□. After that we 
can use the method to express the generating functional in terms of effective field 
theory (DQ. 

■'It is quite obviously,that this Lagrangian does not correspond to any fundamental theory. In par- 
ticular, the kinetic term has a forth derivative form, so this theory does not describe any asymptotic 
states in Minkowski space (there is no continuation from Euclidean space here). Thus, Lagrangian (H) is 
understood as effective one, describing the statistical ensemble of pseudoparticles. 
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In this effective field theory the sum over Jq, runs over the 2 weights of the fundamental 
representation of SU (2) group. Note, that the first interaction term is related to torons 
and the second one to antitorons. Besides that, since we wish to discuss the 9 dependence 
, we also include a term proportional to the topological charge density -^;^G^yG^u to the 
starting Lagrangian and corresponding track from this to the effective Lagrangian@. 

From this expression it is clear that one of the feature of the effective Lagrangian (P) 
is the nontrivial dependence on 6 of the topological density and susceptibility, relevant 
quantities for the solution of the U{1) problem : 

^ ~ (^^^a-G;.) = z2ASin(e/2), -TT < < vr. (9) 

As discussed above, such a dependence on 6 is in agreement with large N results. We 
mentioned here these few consequences of the effective Lagrangian (P) just to demonstrate 
that the system (||) reproduces these very nontrivial, but well established at large N results 
( the correct ^/A^dependence, the number of vacuum states equals A^, the nonzero value 
for topological density (Gf^i^G^u) ~ sin(6'/A^) and so on) correctly. From the other hand, 
we expect ( see|jT^ and references therein) that all problems under consideration (as well 
as confinement and string reformulation problems) are tightly connected. Thus , any 
self- consistent dynamical solution of one of them should be necessarily accompanied by the 
resolution of the rest problems within same approach . 

Therefore we expect that the information about confinement and string representation 
of QCD somehow is coded in the effective Lagrangian (||). 

3. String description of the gluodynamics. 

Now we want to discuss the relation between string variable /* and auxiliary field 
from the effective Lagrangian (^. But before to do so, we would like to understand the 
physical sense of the field in terms of the underlying gauge theory. To this aim we 
define the M as an operator that acts on original ^4° fields by gauge transforming them 
by [x) ; this gauge transformation is singular at Xq and has the following property: for 
any plane crossing xq and for any x at the plane, as soon as x encircles xq, U does not 
return to its original value ( as it happens in the instanton case) , but acquires a phase 
{N = 2 for SU{2) group): 

U^°{a = 27r) = exp(-z27r/A^)?7^o(a = 0), U = exp(z/a) (10) 

where a is an angle variable in the chosen x — y plane and the point Xq lies at the same 
plane. From its definition it must be clear that M{x) absorbs one half topological unit, so 
we say that M{x) is the annihilation operator for one point toron at x with weight / and 
M+(x) is the creation operator for one toron. It should be clear , that U depends on all 
Xfj^ variables , so that M is the annihilation operator for the point defect. However, at the 
chosen x — y plane, U depends only on angle variable a. The singularity of = iU^d^U 
must be smeared over an infinitesimal region around x as it was done for the separate toron 
solution, but the regularization problem does not influent on the following consideration. 
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We would like to express the M in terms of the effective field theory (^). To this aim, 
let us consider the ej„t in the formula (H) after the action of the gauge transformation 
(|T0|) at point xq. Because this gauge transformation creates an additional toron at point 
Xq with isospin Jq in the system of the other torons placed at Xj with isospins Jj we will 
obtain an additional contribution to the eint- Namely, after action of the operator M 
we have an additional interaction term between created toron /q and torons Jj from the 
system 

Aei„t ~ E -^o-^i ln(xo - xif. (11) 

i 

It is easy to understand that this interaction after simply repeating the derivation of 
eq. (H) , reduces to the following expression in the effective field theory: 

{M{xo)) = J D(pexp{- J d^xLeff.) exp(z87r/V3^0(xo) + ie/2) (12) 

Thus, the operator M under consideration in the effective theory looks like this 

Svr - - 

M„(x) = exp{ixa{x) + i9/2), Xa = (^2) 

Thus , the operator of large gauge transformation, M, which should be highly non-local 
and nontrivial in terms of the original fields (A^ - gluons) has a very simple form in terms 
of the auxiliary variables Xa- It gives the link =^ Xa- From the other hand, we shall 
see in a few moments that the Xa field related in a very simple manner to string variable 
/j. It gives the second wanted link ^> Xa =^ fi- 
ll is interesting to note that the disorder operator M (|TBp in gluodynamics has the 
same exponential form like in 2 + 1 dimensional QED |[T^ . 

Our next step is to consider the vacuum expectation value of the Wilson loop. As 
was explained above, the torons at large distances look like singular pure gauge field with 
definite isotopical direction and so, the field is abelian at large distances (in a more 
detail see [Q)- Thus, the standard quasiclassical approximation, when we substitute for 
the corresponding classical solution, leads ( after simply repeating the derivation of 
(H)) to the following expression ioi <W > dX 6 = Q 



{W) = (Trexpij^^tqA^dx^)) = (14) 
J Dxe^expi- J d^xL.jj), Le// = l/2(^)2(nx«)2-E2A'cos(xa + /;$). 

where the term proportional to $ is related to Wilson loop insertion and has the following 
property : $(x) is equal to the external charge 27rg if x G S", Wilson plane, and $ = 
otherwise. In this derivation we took into account that if the toron is in the S plane, then 
the integral over G^iyda^i, is non-zero, and it is equal to zero otherwise (see for a more 
detail about toron properties the ref .[]T2[ ). 

At this moment I would like to come back to discussion in the Introduction concerning 
of the semiclassical calculation of the functional integral in the solitonic background, see 
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formula (|^). For this purpose we will be considering the effective Lagrangian from the 
formula (0) on the same foot as fundamental Lagrangian from the formula (|l]). To this 
aim, we have to look for the solution of the corresponding classical equation : 

□ □X^, +4A^(^)'sin(x;,) = 2nes{z,t)6'{x)6'{y), (15) 

where x' = X + 6'{x) = ^^^^ ,6s{z,t) = 1 if z,t G S and 9s{z,t) = otherwise. The 
right- hand side of this equation is related to the Wilson loop insert ion, i.e. with function 

$(x) g. 

I do not know an exact solution for this equation, but the physics suggests that a 
linearization is legitimate, so for qualitative estimation we can substitute x instead of 

sin(x) and find Xd by means of Fourier transformation ( here and what follows we drop 
the prime in the notation for x' fi^ld ) 

/I A-jr 

^'^^^'^^-^^fci^' = ^^'^Vs^' ^^^^ 

This solution correctly reproduces the discontinuity related to the right hand side 
of eq. ([T5|) . Besides that, the integral (|T6|) can be reduced to the modified Bessel func- 
tion Ko{z) and so we have the exponentially localized in the transverse directions {x,y) 
solution, more exactly 



Xd{\x\ ^ oo) ^ idxdy{exp{—e m\x\) — exp{—e 'im\x\)), \x\ = y x"^ + y'^ (17) 

Thus, this situation remind us the analysis of the 2-1-1 dimensional model (|l]) with 
the well-localized Bloch wall solution. Now we can expand the effective action ([l^) in the 



background of the classical solution (16) as it was done for 2 -|- 1 dimensional model (^, 
integrate over perpendicular x, y directions and end up with some effective 'string' theory 

But before to do so, I would like to make a few comments. First of all, there is a big 
difference between the induced string action derived from the underlying field theory (|1|) 
and from the effective Lagrangian (|l^. In the former case we have the classical solitonic 
solution corresponding to domain wall with (j){+oo) ^ </)(— cxd). There are no sources 
(quarks) at all. So, we have infinitely long string. In the later case we are calculating the 
vacuum expectation value of the Wilson loop, so we have inserted the heavy quarks into 
the system. It means that we are describing an open string with the fixed ends. 

As a consequence of the Wilson loop insertion, the right hand side of the eq. ([T5|) has 
a very important significance: the classical solution (0) is appearing together with the 

^ More exactly, the right hand side is proportional to 2S'{x)S'{y) + S"'{x)sign{y)Sy^o + S"'{y)sign{x)Sx,o 
where Sxfi is Kroneker symbol. However the last two terms do not play any role in the following calculation 
and we will skip them for the simplification of formulae. The technical reason for that is the vanishing 
of the integrals hke / dy6yfiG{y) = for any smooth function G{y). 

^It is clear, that we have essentially a nontrivial dependence only on two variables, x, y. The shape 
( p^ guarantees the convergence of the corresponding integrals J dxdy, over the direction perpendicular 
to the Wilson loop. So, starting from 4 dimensional action we end up with 2 dimensional 'string' theory. 
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sources. It means that the string will emerge into the theory simultaneously with source 
insertion. 

The same situation takes place in 3-dimensional QED |]l6l, but in this case the equa- 
tion analogous (p!5D is essentially one dimensional. Right hand side of the corresponding 
equation is proportional to 2ti6s{z, t)5'{x) as a consequences of the Wilson loop insertion. 
Such nonlinearity ensures the exponentially localized in x direction solution and repro- 
duces the correct discontinuity of Xd solution. As a consequence of it we have an area 
law in the model. 

Now we are in position to describe the low energy effective action. Because our solu- 
tion (|TBp spontaneously breaks translation invariance in the D — 2 = 2 transverse space 
dimensions, there are Nambu-Goldstone massless excitations about such background. The 
derivation of the corresponding Sstr-mg is standard and shortly discussed in the Introduc- 
tion. However, for our purpose it is enough to keep only a few leading terms in the low 
energy expansion, so we can write the fluctuations of the x fi^ld in the following form 

z, x{) = Xci{x\ = X, + U{t, z)) + 0(f), 1 = 1,2 (18) 

where vector field /* can be treated as a string variable and represents the deflection of 
the thin flux tube from its rest position 0. Using the decomposition ([T8|) the (Dx)^ can 
be represented in the following form 



dxl dxl dxidxj dx^ dx^ dxi dx^dx^ 



^ d^Xd dfi dfj ^ dxd d'^fi y 

Here variables, perpendicular to Wilson loop. They describe the classical 

solution (^). At the same time x^, /i = 0,3 variables describe the string plane. The 
position of the string is specified by a two-component vector field /j, depending on x^. 
If we now insert this configuration ([IB]) into the functional integral (ITip and perform 



the Xi integrations we shall obtain some effective string Lagrangian which, from the very 
general arguments, must be local and invariant under the Poincare transformations in 
Xfj, = {z,t) plane. Besides that this Lagrangian must be invariant under 0(2) rotations 
and translations of the vector field 0. Of course, all these properties will be fulfilled 
automatically in our scheme. Explicit integration over (Pxi gives the following formula 
for effective string action describing the long wavelength fluctuations of the string (we are 
keeping only leading terms of the expansion, proportional to (/i)^): 



S..„„, ^ A'j,%i.. ^ ^ ,3A-.(_gi__||_) , o(/*) ....}. (20) 

Here, ci, 02,03 are dimensionless constants determined by classical solution Xd{xi). In 
particular, the constant Ci is two-dimensional classical action: 

ci=A-'J d'x,L,ff{x,i), L,jf = {^)\xd-vmXd-v)-'^^'[cos{xd) - 1] (21) 



^Actually the thickness of the string is order A, the only dimensional parameter we have in gluody- 
namics. For justification of procedure, using in the text, see discussion at the end of this Section 



9 



and C2 and C3 are defined by the following integrals 



C2 = A-'i^Y J d'x.ixci - vWxci - v) (22) 

C3 = J d^Xiixd - v)^{Xd - v)- 

Here 77 is related to Wilson loop insertion and has the property that ~ 6'{x)6'{y) and 
r] ~ sign{ii)5yfisign{x)5xfi, see footnote after formula (|T5|). Now we can estimate these 
coefficients using the approximate expression for the Xci from (|16D . We expect that the 
accuracy for such procedure is not very high and the numerical coefficient given bellow 
should be considered as an estimation of the order of value. With these remarks in mind 
we obtain: 

-\/37r 3 

ci ~ 2c2 — , C3 ~ . (23) 

32 ' ^ 2567r ^ ^ 

We emphasize that the convergent result for these coefficients is the direct consequence of 

the fourth derivative term in the action as well as correct magnitude for the discontinuity 

related to Wilson insertion. Technically it can be seen from the following expression for 

the □□(xd -r/): 

□□(Xd - ~ / d'ke^'^Kkyi^^^^ - 1) ~ / dV^k^kyi^^;^). (24) 

On substitution of (^^ into the formulae (^|22|) we obtain the convergent integral at 
large k {x,y ^ 0) as was announced f\ 

Now we want to rewrite the effective string action (|20|) in geometrical terms. With 
this aim we note that the first two terms in the derivative expansion can be represented 
in the Nambu-Goto form: 



Sm(i; — : / d'^x 



dh dU , 1 



1 + (^^) = IT- / d'x^Vd^ (25) 



2TTa' J " ' ^dx^dx/ I'na' 

with induced metric 

hf,u = + ^ = deth^^ (26) 

and string tension (2TTa')^^ = CiA^. The third term of the expansion ( PU] ) can be rewritten 
(up to higher corrections) as the extrinsic curvature 

Sk = — f d%VhK;^K"^'' = — I d%Vh{A{h)ry, A{h)r = l=d,{^w^d,f), 

ar J ar J y/h 

(27) 

where K^^^^ is known as the second fundamental form and ^ = C3 is the rigidity param- 
eter. 



^The calculation of C3 can be easily done by means of Fourier transformation, using the identity 
□ = □"^□D and acting by operator □□ on {xci — shown in ( p4|) and substituting instead of D"^ 

its Fourier transformed expression k~^. 



10 



Thus, our effective string action in the leading order in / can be written as follows 



S string — SnG + Sk + ••• (28) 



This new, rigid term was introduced to string theory in refs.0,|T^. It is easy to see that 
Sk is the invariant under the scale transformation and is dimensionless constant. The 
motivation |^ for the inclusion of the extrinsic curvature term to the string action is some 
desire to get a "smooth" string. Indeed with only intrinsic terms, surfaces can crumple 
up over arbitrary short distances, as long as their total area is preserved. The extrinsic 
curvature acts to give the surface rigidity, smoothing it out over short distances. This 
property is quite desirable for QCD. 

The formula ( p8D with calculable (in principle) coefficients a', ar is the main result of 



this letter. Now several comments are in order. 

i) The quantization of the underlying field theory (4-dimensional YM) induces a quan- 
tization of the induced string theory (^81). In particularly, it is clear, that the light cone 
quantization of the fundamental string is not relevant to quantization of the effective 
string (p8D. For instance, we would expect that the Lorentz invariance of the effective 
string is a good symmetry not only for dimension D = 26, but for D = 4 as well. It has 
been checked explicitly for a more simple 2 + 1 dimensional model 0, and I believe that 
the same is true in our case as well. 

ii) It is well-known that the higher derivative Lagrangian, defined in Minkowski space 
-time, violates the unitarity because of exponentially growing modes in time (see, e.g. 
0],[]T^). However, a priori, there is nothing wrong with theories of surfaces embedded 
in Euclidean space -time and described by the extrinsic curvature term. Anyhow, we 
are considering the Lagrangian (|Hp with higher derivative terms, as an effective one, 
describing our statistical ensemble of pseudoparticles (|]) . The appearance of the fourth 
derivative term in this Lagrangian (as well as extrinsic curvature term Sk in the string 
effective action (pT])) is the direct consequence of the strong ~ ln(xj — XjY pseudoparticle 
interaction at large distances. 

iii) It is useful to treat our effective string Lagrangian like the chiral Lagrangian (de- 
scribing TT-meson physics) in a sense that only lightest degrees of freedom are relevant to 
the problem. In such treatment the small-distance physics (regularization, renormaliza- 
tion, loop calculation and so on...) is coded in the magnitude of constants q. 

iv) As a next remark, I would like to comment the result [^], concerning the rigid 
string. It was shown that starting from renormalizable unitary field theory one can get 
the higher derivative terms in the effective action by integrating out heavy fields from 
underlying field theory. However, in such procedure one gets the wrong sign for the 
fourth-order derivative terms in effective action and the corresponding strings are not 
smooth. 



We would like to note, that the effective action (14), we are dealing with, has different 
origin. It describes the statistical ensemble (^ of pseudoparticle. The corresponding 
Partition Function is well-defined; the field x which appears in the effective action is 
auxiliary one and was introduced just to describe this statistical ensemble. It is clear that 
X field does not describe the asymptotic states and thus, the argumentation of can 
not be applied to this case. So, we should not be surprised 
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that the string action we derived (pq) has the correct sign for rigid term. The technical 
reason for that can be easily seen from the expression for (Dx)^; (|T9|). The relative positive 
sign in this decomposition leads to the positive sign between Nambu-Goto Sng and rigid 
Sk terms in the string action (p^). 

v) We keep only a few leading terms in the low energy expansion. To include higher 
order effects in /, one needs to integrate over all massive excitations in the classical 
background, as it was done for simple models in It is clear that in such procedure we 

will get an infinite number of terms. Some of these terms have a geometrical interpretation, 
some of them- not. But we expect that in the long wavelength limit only a few leading 
terms ( which have a very clear geometrical and physical meaning) of this expansion are 
important and they are given by formula (l28|) . Here some arguments in favor of this hope. 

But before to give these arguments, let us try to answer on the following question. 
Whether the effective string description, obtained from underlying field theory describes 
the long wavelength limit correctly? In other words, is it possible to choose some param- 
eters of the original theory so that the energy of fluctuations to be too small to excite 
the internal structure of the string. In this case the string can be considered as the struc- 



tureless with zero width. Nielson and Olesen addressed this question in the Abelian 
Higgs model and they have shown that the string is effectively of zero width when the 
length scale of the energy levels for excitations of the string (deflned by string tension 
a' ) is much greater than the length scales characterizing the width of the string (the 
penetration depth and the correlation length in the Abelian Higgs model). In the model 
this requirement corresponds to the electric charge much bigger than one, e ^ 1, thus 
the thin string condition is the strong coupling limit, h oo, which makes semiclassical 
approximation very doubtful. 

The same situation takes place for the model (|l]), see [§. Indeed in this case the 
classical string solution in eq. (|I]) has a width of order m~^; the energy scale for excitations 
of the string is given by 

1 f TTV^ 

dzL,i{z) ~ — . (29) 



27ra' J ' ' X 

The string can be considered as thin one when the internal modes will not be excited, i.e. 

> =^ A > m (30) 

2na' 

As before, this condition means the strong coupling limit and it is not clear whether the 
standard semiclassical approximation can be applied to this system. 

In contrast with these explicit strings, I would expect that QCD (implicit) string, we 
are interested in, has different features. Let me demonstrate this point by considering 
the relation analogous to (^0]). But first of all I should note, that in contract with 2 + 1 
dimensional models discussed above, in gluodynamics we have the only parameter in the 
theory. A, and thus , all relations like (|30[) have numerical and not parametrical meaning. 
In our approximation the string tension {27ra')~^ is equal to CiA^. At the same time, the 
characteristic scale of the internal excitations of the string is determined by its width end 
is equal to m (|TB],|T^. The criterion for string to be thin when fiuctuations of the string 
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will not excite the internal modes, looks as follows 



'"'»2^' (31) 

With our very rough estimation for coefficient Ci (^), the criterion (^) is satisfied. 
Probably this numerical smallness for is related, somehow, to 1/iV expansion. We 
are considering this numerical game as a hint suggesting how the structureless string 
could appear. In some sense, the inequality (^) is justification for our expansion ([H 
see footnote after this formula. 



4. Final remarks. 



The main point of this letter can be formulated as follows. We believe that most 
of the fundamental problems in QCD, such as the 6/N dependence, N vacuum states, 
confinement, string representation of QCD, and so on, should be solved at the same time 
within the same dynamical approach. Some of these problem can be understood within 
so-called "toron approach". In particular, from the corresponding effective Lagrangian 
(§) it is possible to reproduce the correct behavior for the vacuum expectation value of 
the topological density < GG >fe~ sm{^^^j^) and number of vacuum states A^. There- 
fore, we would expect the information about confinement (and string representation as a 
consequence of it) is coded in the same Lagrangian. 

We have demonstrated the possible way of extracting this information from Lagrangian. 
The result is the formula p8|). Let us note that the string fields /, in the formula are 
not the space-time coordinates, but some variables related to color space. This is hardly 
surprising because the 't Hooft's analysis of the large N behavior (this is the main 
motivation of our belief in string picture of QCD ) ensures planarity in index space and 
not in real space-time. The main fundamental ( not technical) assumptions I made in this 
derivation are following : 

i) The multivalued functions are admissible in the definition of the functional integral. 
This assumption is related to a new classification of the vacuum states. 

ii) The only certain field configurations ( torons) are important and the problem of 
integration over all possible fields is reduced to the problem of summation over classical 
toron configurations. 

It is quite possible that the technical realization of it can be given in a different, more 
appropriate way than we discussed. But I believe that the main point of this Letter, the 
new classification of gauge fields, will emerge in the formulation of the Theory. 
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